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Abstract. We investigate the primordial power spectrum of the density perturbations based on the as-
sumption that space is noncommutative in the early stage of inflation, and constrain the contribution
from noncommutative geometry using CMB data. Due to the noncommutative geometry, the primordial
power spectrum can lose rotational invariance. Using the k-inflation model and slow-roll approximation,
we show that the deviation from rotational invariance of the primordial power spectrum depends on the
size of noncommutative length scale Ls but not on sound speed. We constrain the contributions from the
noncommutative geometry to the covariance matrix of the harmonic coefficients of the CMB anisotropies
using five-year WMAP CMB maps. We find that the upper bound for Ls depends on the product of sound
speed and slow-roll parameter. Estimating this product using cosmological parameters from the five-year
WMAP results, the upper bound for Ls is estimated to be less than 10
−27cm at 99.7% confidence level.
PACS. 98.80.Cq Particle-theory and field-theory models of the early Universe – 98.80-k Cosmology
1 Introduction
The inflationary cosmology [1,?,?] is the scenario of the
very early universe. It provides a successful mechanism for
generating nearly scale invariant primordial density per-
turbations, that give rise to galaxy formation and tem-
perature anisotropies in the CMB which are in agreement
with observation [4]. If the period of inflation is suffi-
ciently longer than that required for solving the horizon
and flatness problems, such that the wavelengths of per-
turbations which are observed today emerged from the
Planck regime in the early stages of inflation, the physics
on trans-Planckian scales should leave an imprint on the
primordial density perturbations [5,?]. Here, we consider
the imprint of trans-Planckian physics based on noncom-
mutative spacetime.
Near the Planck scale, the properties of spacetime are
expected to be modified due to the quantum nature of
gravity [7]. It has been shown that a consequence of string
theory which is a promising candidate of quantum gravity,
is that the spacetime is noncommutative [8]
[xµ, xν ] = iΘµν(x), (1)
where Θµν is an antisymmetric tensor.
The influences of spacetime noncommutativity on the
feature of power spectrum of primordial fluctuations have
been studied by many authors [9] - [16]. For the case
where Θij = 0 but Θ0i 6= 0 [9,?,?], the contribution from
spacetime noncommutativity can lead to the running of
the spectral index of the primordial power spectrum. For
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the case where Θij 6= 0 but Θ0i = 0 [12,?], the primor-
dial power spectrum can become direction-dependent, and
consequently the statistics of CMB fluctuations becomes
anisotropic. We are interested in this noncommutative ge-
ometry induced statistical anisotropy.
Usually, the statistics of the CMB temperature fluc-
tuations is supposed to be isotropic. Hence, if the non-
Gaussianity of the CMB fluctuations is assumed to be
negligible, the statistical properties of the CMB fluctua-
tions will be completely described by the angular power
spectrum [17]. However, recently there are many attempts
to check whether the statistics of the CMB fluctuations is
perfectly isotropic by searching for the statistical anisotropy
contributions in the CMB sky maps [18,?,?]. In the case
where the statistics of the CMB fluctuations is anisotropic,
the angular power spectrum does not contain all the infor-
mation about the statistical properties of the CMB fluc-
tuations even when the Gaussianity of the CMB fluctua-
tions is assumed. Some of the estimators for quantifying
the statistical anisotropy contributions in the CMB fluc-
tuations have been proposed in [21,?,?]. According to [18,
?], the statistics of the observed CMB fluctuations does
not deviate from isotropy significantly.
In this work, we constrain the contributions from non-
commutative geometry to CMB temperature fluctuations
using five-year WMAP CMB maps. In the next section,
we compute the power spectrum of primordial density per-
turbations by taking the spacetime noncommutativity of
the form Θij 6= 0 and Θ0i = 0. In section 3, we compute
the covariance matrix for the harmonic coefficients of the
CMB temperature fluctuations 〈a∗lmal′m′〉, and constrain
2 Khamphee Karwan: CMB constraints on noncommutative geometry during inflation
the contributions from noncommutative geometry using
CMB maps. Finally, we conclude in section 4.
2 The contributions from noncommutative
geometry
In this section, we investigate the contributions from non-
commutative geometry to the primordial power spectrum
in the k-inflation model [23,?].
2.1 The second order action of perturbation
We start with the general action of the inflaton of the form
S =
1
2
∫
d4x
√−g [R+ 2P (X,φ)] , (2)
where φ is the inflaton field and X = −(1/2)∂µφ∂µφ.
Here, we have set the reduced Planck mass (8πG)−1/2 = 1.
To study the evolution of density perturbations during in-
flation, one expands the action (2) around the homoge-
neous and isotropic background. In our consideration, we
use the ADM metric formalism in which the line element
is given by [13,?,?]
d2s = −N2d2t+ hij(dxi +N idt)(dxj +N jdt). (3)
Using this line element, the action (2) takes the form
S =
1
2
∫
d4x
√
hN(R(3) + 2P ) (4)
+
1
2
∫
d4x
√
hN−1(EijE
ij − E2),
where h = det(hij), Eij =
1
2 (h˙ij−∇iNj−∇jNi), E = Eii ,
a dot denotes the derivative with respect to time and ∇i is
the covariant derivative compatible with hij . The three-
dimensional Ricci curvature R(3) is computed from the
metric hij .
In the ADM formulation hij and φ are the dynamical
variables, while N and N i are Lagrange multipliers. To
compute the perturbed action in the slow-roll approxima-
tion, it is convenient to use the uniform curvature gauge
in which [25]
δφ ≡ ϕ(t,x) and hij = a2δij , (5)
where a is the cosmic scale factor, δφ(t,x) = φ(t,x)−φ0(t)
is the perturbation in the inflaton field and the subscript
0 represents the background value.
In order to find the second order action for ϕ, we first
compute the constraint equations for N and N i from the
action (4) and solve these equations for N and N i to first
order of ϕ. the result is [13]
N = 1 + α and Ni = ∂iψ. (6)
Up to the lowest order of slow-roll parameter, the param-
eters α and ψ can be written as
α =
Hǫ
φ˙0
ϕ and ∂2ψ = (
P,φ0
2H
− 3H
2
φ˙0
ǫ)ϕ− Hǫ
φ˙0c2s
ϕ˙, (7)
where H = a˙/a is the Hubble parameter, ǫ = −H˙/H2 =
XP,X/H
2 is the slow-roll parameter, c2s = P,X/ρ,X is the
sound speed, the subscript , X denotes a derivative with
respect to X and ρ is the energy density of the inflaton.
Substituting equation (6) back in the action and ex-
panding the action to the second order of perturbation,
we obtain
δS(2) =
∫
d4xa3(1 + α)
[
P,φ0ϕ+ P,φ0φ0
ϕ2
2
+ P,X0
(
ϕ˙φ˙0
−(2α− 3α2)X0 −N i∂iϕφ˙0 − ∂µϕ∂
µϕ
2
− 2αϕ˙φ˙0
)
+
1
2
P,X0X0
(
4α2X20 − 4αX0ϕ˙φ˙0 + (ϕ˙φ˙0)2
)
+ . . .
]
+
1
2
∫
d4xa3(1 + α)−1(−6H2) + . . . . (8)
Keeping the lowest order of slow-roll parameter and sec-
ond order of ϕ, the above action becomes [13]
δS(2) =
∫
d4x
a3
2
(
P,X0X0(φ˙0ϕ˙)
2 − P,X0∂µϕ∂µϕ
)
, (9)
=
∫
d4x
a3
2
(
P,X0
c2s
ϕ˙2 − P,X0(∂ϕ)2
)
. (10)
Here, we have used ρ,X = P,X+2P,XXX . From the above
calculation, we see that in the slow-roll approximation the
second order action of the field perturbation in uniform
curvature gauge can be obtained by just expanding La-
grangian P (X,φ) around the homogeneous field φ0. This
is because the terms that are multiplied by the metric
perturbation in the perturbed action are subleading in
slow-roll parameter [13,?].
2.2 noncommutative geometry
We now study how the noncommutative geometry influ-
ences the action of the field perturbations. In order to take
the effect of noncommutative geometry into account, we
replace the ordinary products in the action with the star
products. In curved spacetime, the star product can be
expanded as [12]
f ⋆ g ≡
∞∑
k=0
1
k!
(
i
2
)k
Θµ1ν1 · · ·Θµkνk ×
(Dµ1 · · ·Dµkf) (Dν1 · · ·Dνkg) , (11)
where Dµ is the covariant derivative. In this work, we
consider the case where Θ0i = 0 while Θij 6= 0. The
case where Θij 6= 0 can arise in the effective theory of
D-branes. In some model of D-branes, e.g., a Dp-brane
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on p-dimensional Torus with unequal radii Ri [27], the
non-commutative parameter Θ is not necessary equal in
all direction. This implies that a preferred direction can
occur in space-space noncommutativity. We would like to
investigate some effects of this form of isotropy breaking
by following the literature [12,13] to choose, Without los-
ing generality, a special frame in which the nonzero com-
ponents of Θµν are Θ12 = −Θ21 = L2s/a2, where Ls is the
noncommutative length scale [12].
According to the previous section, the terms in the
second order action that are multiplied by metric pertur-
bation are subleading in slow-roll parameter. Hence, the
noncommutative effect can be incorporated by replacing
the products between fields in the Lagrangian by the star
products, and expanding the Lagrangian to the second
order in the field perturbation. In the calculation of star
product, we also ignore the metric perturbation because
it gives rise to the terms that are subleading in slow-roll
parameter. Since it is possible to study the effect of non-
commutative geometry perturbatively [12], we do the cal-
culation up to the lowest non trivial order in Θµν . Up to
the second order in Θµν , the star products of the multiple
functions can be written as [13]
f1 ⋆ · · · ⋆ fn =
(
1 +
i
2
Θµν
∑
a<b
DaµD
b
ν (12)
−1
8
ΘµνΘρσ
∑
a<b,c<d
DaµD
b
νD
c
ρD
d
σ
)
f1 · · · fn,
where a, b, c, d run over 1, . . . , n.
For illustration, we suppose that P (X,φ) can be writ-
ten as P (X,φ) = F (φ)G(X) = φnXm, and use eq. (12)
to compute the star product between field varibles. We
first consider the case where the derivatives in eq. (12)
act on the terms in G(X) only, such that δΘP (X,φ) =
F (φ)δΘG(x), where δΘ denotes the contribution from non-
commutative geometry. In this case, the contribution from
noncommutative geometry starts to appear at the second
order of Θµν , i.e.,
δΘG = −1
8
ΘµνΘρσ
∑
a<b,c<d
DaµD
b
νD
c
ρD
d
σG
= −1
8
ΘµνΘρσ
∑
a<b,c<d
DaµD
b
νD
c
ρD
d
σ(−
1
2
∂γφ∂
γφ)m,
= −1
8
ΘµνΘρσ
(
m(m− 1)
2
Xm−20 DµDρX1DνDσX1
−m
2
Xm−10 DµDρ∂γϕDνDσ∂
γϕ
−m(m− 1)Xm−20 X1DµDρ∂γϕDνDσ∂γφ0
)
,
= − 1
8F (φ0)
ΘµνΘρσ
(
1
2
P,X0X0DµDρX1DνDσX1
−1
2
P,X0DµDρ∂γϕDνDσ∂
γϕ
−P,X0X0X1DµDρ∂γϕDνDσ∂γφ0
)
, (13)
where X1 = −∂0φ0∂0ϕ is the firse order perturbation in
X . In this equation, we omit the terms that are propor-
tional toDµDρ∂γφ0DνDσ∂
γφ0, such as P,X0X0XDµDρ∂γφ0DνDσ∂
γφ0,
because these terms vanish after integration by parts. Us-
ing similar consideration, one can show that if the deriva-
tives in eq. (12) act on the terms in F (φ) only, the noncom-
mutative contribution will be proportional to P,φ0φ0 , and
if the derivatives act on the terms in both F (φ) and G(X),
the noncommutative contribution will be proportional to
P,φ0X0 . In our case, both contributions can be neglected
because the terms that are proporttional to P,φ0φ0 and
P,φ0X0 are subleading in slow-roll parameter. Hence, the
noncommutative geometry modifies the action in leading
order of slow-roll parameter as
δΘS
(2) = δS(2) + δΘS
(2)
X , (14)
where δS(2) is the action for the perturbed field in eq. (10)
and
δΘS
(2)
X =
∫
d4xa3F (φ0)δΘG. (15)
The action δΘS
(2)
X can be spit into three parts as δΘS
(2)
X =
δΘSX1 + δΘSX2 + δΘSX3, where the subscripts 1, 2, 3 de-
note the contribution from the first, second and third
terms on the RHS of eq. (13). The expression for δΘG in
eq. (13) is valid for a generic P (X,φ), because one always
do Taylor’s expansion of P (X,φ) around the background
when applying the star product in the action for pertur-
bation. Moreover, the action (14) can be obtained by just
replacing products with star products in the action (9).
We suppose that DρΘ
µν = 0, and do integration by
parts for the action (15) in the similar way as [12]. After
doing integration by parts and evalulating the covariant
derivatives, each part of δΘS
(2)
X becomes
δΘSX1 =
∫
d4x
aH2L4s
8
P,XXX∂p∂0ϕ∂p∂
0ϕ, (16)
δΘSX2 =
∫
d4x
aH2L4s
16
PX
(
∂p∂µϕ∂p∂
µϕ
+2H∂pϕ˙∂pϕ−H2∂pϕ∂pϕ
)
, (17)
δΘSX3 = −
∫
d4x
aH2L4s
8
P,XX2X∂p∂0ϕ(∂p∂
0ϕ+H∂pϕ),
where p = 1, 2. In the above three equations and following
calculation, we omit the subscript 0 for P , ρ and X be-
cause from now on we will treat them as the background
quantities. We note that in the calculation of δΘSX3 we
suppose that X˙ < X . due to the slow-roll approximation.
From these results, we get
δΘS
(2)
X =
1
16
∫
d4xaH2L4sρ,X
[
β∂p∂0ϕ∂p∂
0ϕ (18)
+c2s∂p∂iϕ∂p∂
iϕ+ 2βH∂pϕ˙∂pϕ− c2sH2∂pϕ∂pϕ
]
,
where β = 2c2s − 1. In order to find the evolution equa-
tion and the corresponding solution from action (14), it
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is convenient to write the action in terms of the variable
v = zζ, where z = a
√
2Xρ,X/H [24]. The variable ζ is
the curvature perturbation in comoving gauge which has a
direct connection with the generation of large scale struc-
ture and CMB fluctuations. This quantity is related to ϕ
through ζ = Hϕ/φ˙0. Expressing the action (14) in terms
of v and expanding v in Fourier space as
v(t,x) =
∫
d3k
(2π)
3/2
(
akvk(t)e
ik·x + h.c.
)
, (19)
where ak, a
†
k
satisfy the canonical commutation relations,
the action (14), evaluated in the vacuum after normal or-
dering, becomes
S =
∫
dηd3k
[
|v′k|2 +
(
a′′
a
− c2sk2
)
|vk|2
−L
4
sH
2k2⊥
8a2
(
β|v′
k
|2 − c2sk2|vk|2 (20)
+
(
β
(
6
a′′
a
− 10(Ha)2
)
− β − 1
2
(Ha)2
)
|vk|2
)]
,
where the prime denotes derivative with respect to the
conformal time η =
∫
da/a and k2⊥ = k
2
1 + k
2
2 . In the
above action, we have neglected the terms c˙2s and ρ˙,X be-
cause these terms are subleading in slow-roll parameter.
Up to the lowest order of slow-roll parameter, we can write
a2 = 1/(Hη)2 + O(ǫ) ≃ 1/(Hη)2 and a′′/a ≃ 2/η Using
these approximations and writing vk in terms of the new
variable
yk(η) = (1− βκ2η2k2⊥)1/2vk(η), (21)
where κ2 = H4L4s/8 represents the contribution from non-
commutative geometry, the action (20) up to first order
in κ2 takes the simple form
S =
∫
dηd3k
[
|y′
k
|2 −
(
c2sk
2 − 2
η2
)
|yk|2
+κ2k2⊥
(
β − β − 1
2
)
|yk|2
]
. (22)
In the derivation of this action, we suppose that κ2k2⊥η
2 <
1 and |c2s| do not differ much from unity, so that one can
expand 1/(1− βκ2k2⊥η2) ≃ 1+ βκ2k2⊥η2 + . . . and neglect
the terms that are proportional to βκ2k2⊥η
2. This implies
that this action is valid only if
η2 < η2i ≡
8
H4L4sk
2
. (23)
For a suitable choice of initial conditions, we have −∞ <
η < 0 during inflation, so that the perturbation mode
k exits the horizon at ηc = −1/k and exits the sound
horizon at ηcs = −1/(kcs). Hence, we will be able to follow
the evolution of the perturbation mode k well before its
horizon (sound horizon) exit, i.e., ηi < ηc (ηi < ηcs), if
the noncommutative length scale is required to be smaller
than the Hubble radius, Ls < H
−1.
2.3 Power spectrum
In order to study the influence of noncommutative geom-
etry on the behavior of density perturbation, we compute
the power spectrum of the curvature perturbation ζ from
action (22). From this action, one can show that the evo-
lution equation for yk is
y′′
k
+
(
c2sk
2γ2 − 2
η2
)
yk = 0, (24)
where γ2 = 1+κ2 sin2(θ) and θ = sin−1(k/k⊥) denotes the
angle between the vectors k and kˆ3. Following standard
procedure, the solution of eq. (24) is given by [28]
yk =
e−ikcsγη√
2kcsγ
(
1 +
i
kcsγη
)
, (25)
so that the curvature perturbation is given by
|ζk| =
∣∣∣vk
z
∣∣∣ ≃
√
2πH
mp
√
k3csǫ
(
1− 3
4
κ2 sin2(θ)
)
, (26)
and finally we obtain the primordial power spectrum
Pζ
k
=
H2
πm2pcsǫ
(
1− 3
2
κ2 sin2(θ)
)
, (27)
where mp = G
−1/2 is the Planck mass. It can be seen that
the obtained power spectrum is direction-dependent due
to the noncommutative space. The magnitude of the non-
commutative contribution depends on the angle between
the vectors k and kˆ3, but not on the sound speed. From the
expression for κ, it can be seen that the deviation from ro-
tational invariance of the power spectrum also depends on
the noncommutative length scale and Hubble parameter
during inflation. One can check that this deviation from
rotational invariance is similar to the one that is com-
puted from canonical inflaton field [12]. This implies that,
in the slow-roll approximation, the effect of noncommuta-
tive geometry on primordial power spectrum is the same
for both standard inflation and k-inflation model. We note
that the slow-roll approximation is required in our calcu-
lation because when space is noncommutative, it is not
easy to obtain the analytic expression for the primordial
power spectrum The amplitude of this power spectrum
can be defined as As = H
2/(πm2pcsǫ). This quantity as
well as κ are evaluated when the perturbation mode k
exits the horizon. It can be seen that if we neglect the
contributions from noncommutative geometry, the above
power spectrum gives rise to the usual power spectrum as
in [24].
3 The CMB constraints
In this section, we will constrain the contributions from
noncommutative geometry to CMB anisotropies using the
CMB data. It is well known that if the primordial power
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spectrum is direction-dependent, the statistics of CMB
will become anisotropic, i.e., the two-point function of the
temperature fluctuations is no longer rotationally invari-
ant. Here, we consider only the two-point function because
we assume the non-Gaussianity of the CMB fluctuations
to be negligible. In addition to noncommutative geom-
etry, the direction-dependent primordial power spectrum
can also be a consequence of many phenomena in the early
universe, for example see [29,?,?]. To compare theoretical
prediction with the observation, it is convenient to expand
the temperature anisotropy into spherical harmonics
∆T (nˆ) = T (nˆ)− T0 =
∑
l,m
almYlm(nˆ), (28)
where T0 is the mean temperature of the CMB. If we
also expand the deviation from rotational invariance into
spherical harmonics, the direction-dependent primordial
power spectrum can be written as [29,?]
P(k) = A(k)
[
1 +
∑
LM
PLMYLM (kˆ)
]
. (29)
Using this primordial power spectrum, the covariance ma-
trix of alm can be written as
〈al1m1a∗l2m2〉 = δl1l2δm1m2Cl1 +
∑
LM
Ξ l1m1l2m2LMD
LM
l1l2 . (30)
Here, Cl1 is the CMB angular power spectrum, given by
Cl1 = (4π)
2
∫ ∞
0
dk k2A(k)[Tl1(k)]
2, (31)
where Tl1 is the CMB transfer function which is taken to
be rotationally invariant. It is known that if the two-point
function of the temperature anisotropy is not rotationally
invariant, the covariance matrix of alm will not be diag-
onal. The off diagonal elements of the covariance matrix
appear in the second term of eq. (30) This term is given
by
DLMl1l2 = (4π)
2(−i)l1−l2
∫ ∞
0
dk k2A(k)PLMTl1(k)Tl2(k),
(32)
and
Ξ l3m3l1m1l2m2 =
√
(2l1 + 1)(2l2 + 1)
4π(2l3 + 1)
C˜l30l10l20C˜l3m3l1m1l2m2 , (33)
where C˜l3m3l1m1l2m2 are the Clebsch-Gordan coefficients. Com-
paring the power spectrum in eq. (29) with the one in eq.
(27), we find that the non zero components of PLM are
P00 = −4
√
π
3
3
2
κ2 and P20 = 4
3
√
π
5
3
2
κ2, (34)
We see that the contributions from noncommutative ge-
ometry also influence the diagonal elements of the covari-
ance matrix, i.e. they modify the amplitude of Cl. Sub-
stituting PLM from eq. (34) into eq. (30), we obtain the
covariance matrix
〈al1m1a∗l2m2〉 ≃ Cl1
{
δl1l2δm1m2
[
1 +
3κ2
2
×
(
l21 −m21
4l21 − 1
+
(l1 + 1)
2 −m21
(2l1 + 3)(2l1 + 1)
− 1
)]
−
(
δl1−2l2δm1m2
3κ2Cl1l2
2(2l1 − 1) × (35)√
((l1 − 1)2 −m21)(l21 −m21)
(2l1 − 3)(2l1 + 1) + l1 ↔ l2
)}
,
where Cl1l2 = (4π)
2
∫∞
0
dkk2A(k)Tl1(k)Tl2(k)/Cl1 .
We next constrain the contributions from noncommu-
tative geometry in this covariance matrix using the five-
year WMAP foreground-reduced maps [32]. Since the non-
commutative geometry also influences the diagonal ele-
ments of the covariance matrix and its contribution de-
pends on H4, we write the noncommutative contribution
in terms of the amplitude of the primordial power spec-
trum As as
3
2
κ2 = A2sΣ, (36)
where
Σ =
3
16
π2m4pǫ
2c2sL
4
s.. (37)
We adopt the procedures in [19] to compute the poste-
rior probability of the parameters Σ and As, given the
observed temperature anisotropies a,
P (σ¯|a) ∝ L(a|σ¯)P (σ¯), (38)
where σ¯ = {Σ,As} is the set of parameters, L(a|σ¯) is the
likelihood and P (σ¯) is the prior. Since the galactic con-
tamination cannot be completely removed from some re-
gions of the sky, one does not have the full-sky CMB maps
with well-defined error properties. To reduce the galactic
contamination, one masks the contaminated regions as
ci =Mi∆Ti, (39)
where i is the pixel index, ci is the masked CMB map,
∆Ti is the full-sky map and Mi is a mask which is zero at
the contaminated points and is one elsewhere. The above
relation can be written in harmonic space as
clm =Mlm,l′m′bl′m′ , (40)
where the matrix Mlm,l′m′ is given by
Mlm,l′m′ =
∑
LM
MLMΞ
lm
LMl′m′ . (41)
Here, clm, Mlm and blm are the spherical harmonic coef-
ficients of ci, Mi and ∆Ti respectively. Moreover, due to
the instrument noise, the finite beam resolution and the
discreteness of the temperature maps, the contributions
to the unmasked CMB map come from the sum of the
instrument noise with the convolution between the signal
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of the CMB anisotropies and the window function, such
that
∆T =Wa+N , (42)
where W is the window function and N is the instrument
noise. We suppose that the contributions from the beam
and the pixel asymmetries are negligible. Using eqs. (40)
and (42), the covariance matrix of the masked tempera-
ture multipoles can be written as
Clm,l′m′ =
∑
l1m1l2m2
Mlm,l1m1
[
Wl1〈al1m1a∗l2m2〉Wl2
+Nl1m1,l2m2
]
M∗l2m2,l′m′ , (43)
whereNl1m1,l2m2 is the pixel noise covariance matrix, given
by
Nl1m1,l2m2 = ∆a
∑
LM
Ξ l1m1LMl2m2NLM . (44)
Here, ∆a is the area of each pixel in the temperature map,
and NLM is defined as
NLM =
∑
i
∆a
σ20
nobsi
YLM (rˆi), (45)
where σ0 is the rms noise of a single observation and n
obs
i
is the number of observations of pixel i.
In order to compute the likelihood, the inversion of the
covariance matrix is required. Since the inversion of the
large matrix is time consuming, we avoid to inverse the
large covariance matrix by writing the likelihood function
in terms of the reduced bipolar coefficients instead of clm.
The reduced bipolar coefficients are defined as [18]
ALM =
∑
l1m1l2m2
(−1)m2dl1m1d∗l2m2 C˜LMl1m1l2−m2 , (46)
where dlm are the harmonic coefficients of the temperature
anisotropies. For the full-sky and noiseless case, the mean
of the reduced bipolar coefficients for the noncommutative
k-inflation can be computed using eq. (35), and the non
zero components are
〈A00〉 =
∑
l
(−1)lCl
√
2l + 1
(
1− 2
3
A2sΣ
)
, (47)
〈A20〉 = −2A2sΣ
∑
l
(−1)lCl
√
l(l + 1)(2l+ 1)
45(2l− 1)(2l+ 3)
−2A2sΣ
∑
l≥4
(−1)lCl
√
2l(l− 1)
15(2l− 1) . (48)
In the more realistic case, the mask and the instrument
noise must be taken into account, so that we compute the
reduced bipolar coefficients using eqs. (43) and (35).The
result is
〈ALM 〉 =
∑
l1l2m1m2
(−1)m2Cl1m1,l2m2 C˜LMl1m1l2 −m2 . (49)
It can be seen from the above equation that due to the
effect of the mask, 〈A00〉 and 〈A20〉 will not be the only
non zero components of 〈ALM 〉.
We define
δALM = ALM − 〈ALM 〉, (50)
and write the covariance matrix for δALM as
ALM,L′M ′ = 〈δALMδA∗L′M ′〉 (51)
=
∑
l1m1l2m2
∑
l3m3l4m4
C˜LMl1m1l2m2 C˜L
′M ′
l3m3l4m4 ×
(
Cl1m1,l3m3Cl2m2,l4m4 + Cl1m1,l4m4Cl2m2,l3m3
)
.
We assume for simplicity that posterior probability func-
tion for δALM is normally distributed,
P (σ¯|ALM ) ∝
exp
(− 12Z2)
det 1/2A P (As) (52)
Z2 =
∑
LML′M ′
δALM
(A−1)
LM,L′M ′
δA∗L′M ′ .
In order to test the above posterior probability function,
we repeat some calculation in [19] using this probability
function. We have found that the results from this proba-
bility function are in agreement with the original results.
Here, we have used a flat prior on Σ and a Gaussian prior
on As. For the Gaussian prior, the mean and variance
of As are taken from the five-year WMAP results [35].
Since the contributions from noncommutative geometry
mainly appear in the 〈A00〉 and 〈A20〉, we restrict the
multipole index L of ALM to be less than 4. The data
that are used to compute ALM in eq. (50) are the five-
year WMAP foreground-reduced V2 and W1 differential
assembly temperature maps [32]. These maps are masked
using the band-limited masks in [19]. According to [19],
we limit the multipole index of clm and MLM to be l ≤ 62
and L ≤ 92 respectively. The covariance matrix ALM,L′M ′
in eq. (51) is computed using eqs. (43) and (35). Since the
noncommutative geometry does not affect the cosmic evo-
lution after the inflationary epoch, we can use CMBEASY
[34] to compute the CMB transfer function and Cl by sup-
posing that the cosmic evolution after inflation obeys the
ΛCDM model whose parameters are taken from the best
fit value of the five-year WMAP results [35]. However,
recall that the amplitude of the primordial power spec-
trum is treated as a free parameter. We note that the
parallel computing of covariance matrices Cl1m1,l2m2 and
ALM,L′M ′ can be easily implemented in the Healpix pack-
age [33]. We compute the posterior probability function
for σ¯ and marginalize it over As to obtain the marginal-
ized posterior probability function for Σ. The marginal-
ized posterior probability functions for Σ obtained from
V 2 and W1 maps have a peak at negative Σ, which can
occur if c2s is negative. However, we cannot use the above
analysis to constrain parameters Ls, c
2
s and ǫ simultane-
ously due to degeneracy among these parameters. Since
we are interested in the constraint on Ls, we suppose that
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Fig. 1. The marginalized posterior probability functions for
Σ. The solid line represents the probability function from W 1
map, while the long dashed line represents the probability func-
tion from V 2 map. Here, Σ is restricted to be positive.
Table 1. The upper bound for the parameter Σ×10−18 from
W 1 and V 2 maps.
68%CL 95%CL 99.9%CL
W1 0.024 0.048 0.070
V2 0.029 0.055 0.078
values of c2s and ǫ are known. For canonical scalar field,
Σ > 0 because c2s = 1. Hence, we restrict ourselves to the
case where Σ > 0, i.e. c2s > 0. In this case, the confidence
intervals for Σ can be obtained from the areas under the
curves of The marginalized posterior probability functions
in figure 1.
In order to estimate the upper bound for Ls from
the upper bound for Σ in table 1, we further assume
that the values of the product ǫcs are known precisely,
so that the upper bound for Ls can be written as Ls <
1.4 × 104[ǫ2c2sm4p]−1/4Gev−1 ∼ 1.4 × 10−28[ǫcs]−1/2cm at
99.7% confidence level. It can be seen that if inflaton
evolves more slowly, the upper bound for Ls will increase.
As shown in [24], the ratio of the tensor to scalar pertur-
bations amplitudes r depends on ǫcs. We roughly estimate
the values of ǫcs using the values of r from the five-year
WMAP results, and obtain Ls < 10
−27cm at 99.7% con-
fidence level.
4 Conclusions
In this work, we study the effect of noncommutative geom-
etry on the rotational invariance of the primordial power
spectrum, and constrain the contributions from this effect
using CMB data. In the slow-roll approximation, the de-
viation from rotational invariance of the primordial power
spectrum due to the noncommutative effect depends on
the factor 3H4L4s/16, where H is evaluated at the time
when perturbation mode k crosses the horizon during in-
flation. Although this result is obtained using k-inflaton,
it is similar to the one that is computed from canonical
inflaton field [12]. This implies that, in the slow-roll ap-
proximation, the effect of noncommutative geometry on
primordial power spectrum is the same for both standard
inflation and k-inflation model.
Since the primordial power spectrum is direction-dependent
in our consideration, the covariance matrix for the har-
monic coefficients of the CMB temperature anisotropies
has off diagonal elements. In our case, these off diagonal
elements arise from the noncommutative geometry contri-
butions. As is well known, this implies that statistics of the
CMB anisotropies become anisotropic. The noncommuta-
tive geometry also contributes to the diagonal elements of
the covariant matrix suggestting that the noncommuta-
tive contribution also modifies the amplitude of the CMB
angular power spectrum.
Both contributions from noncommutative geometry are
simultaneously constrained using five-yearWMAP foreground-
reduced V2 and W1 maps. The upper bound for the quan-
tity Ls[ǫcs]
1/2 is approximately 1.4 × 10−28cm at 99.7%
confidence level. If we suppose that the values of ǫcs are
known precisely, the upper bound for the noncommutative
length scale can be written as Ls < 1.4×10−28[ǫcs]−1/2cm
at 99.7% confidence level. This shows that if inflaton evolves
more slowly, the upper bound for Ls will increase. Esti-
mating the values of ǫcs using the tensor to scalar pertur-
bations amplitudes from the five-year WMAP results, we
obtain Ls < 10
−27cm at 99.7% confidence level.
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